Two parallel calculations of the exchange coupling in a Co/Cu/Co͑001͒ trilayer, both using the same realistic s, p, and d tight-binding bands with parameters determined from the ab initio band structures of bulk Cu and Co, are reported. The coupling is first calculated within the framework of the quantum-well ͑QW͒ formalism in which the periodic behavior of the spectral density is exploited to derive an analytic formula for the coupling valid for large spacer thicknesses. On the other hand, an alternative expression for the coupling, referred to as cleavage formula, is derived that allows accurate and efficient numerical evaluation of the coupling. An analytic approximation to this expression, valid in the asymptotic region of large spacer thickness, is also obtained. These two approaches are discussed in relation to other existing theoretical formulations of the coupling. The numerical results for the coupling obtained from the cleavage formula are first compared with the analytical QW calculation. The agreement between the two calculations is impressive and entirely justifies the analytical QW approach. The numerical calculation fully confirms the result of the QW formalism that, for trilayers with thick Co layers, the short-period oscillation due to the minority electrons from the vicinity of the Cu Fermi-surface ͑FS͒ necks is dominant, the contribution of the long-period oscillation being negligible. This is shown, in the analytical QW formalism, to be due to the existence of bound states for the minority-spin electrons at the Cu FS necks in the ferromagnetic configuration. The dominant short-period oscillation has been confirmed by spin-polarized scanning electron microscopy and observed directly in the most recent photoemission experiments. The full confinement of the minority electrons at the neck of the Cu FS also leads to a strong temperature dependence of the short-period oscillation and an initial decay of the coupling with spacer thickness N that is much slower than predicted by the usual 1/N 2 law. For the electrons at the belly of the Cu FS, the confinement is weak in both spin channels and the long-period oscillation hardly changes between zero and room temperatures. In addition, the belly contribution to the coupling decreases at Tϭ0 K following the usual 1/N 2 dependence. The amplitude of the calculated coupling Ϸ1.2 mJ/m 2 at the first antiferromagnetic peak of Cu is only a factor of 3 larger than the observed coupling strength. Finally, the coupling for 2 ML of Co embedded in Cu has also been evaluated from the cleavage formula. A large initial coupling strength ͑3.4 mJ/ m 2 ) and comparable contributions from the short-and long-oscillation periods are obtained. This is in complete agreement with theoretical results reported by other groups. ͓S0163-1829͑97͒04138-6͔
I. INTRODUCTION
Since the discovery of oscillatory exchange coupling 1 and the related giant magnetoresistance effect, 2 metallic magnetic multilayers have been studied extensively ͑for a review, see Ref. 3͒ . In particular, a large number of theoretical approaches have been developed to calculate the oscillatory exchange coupling. They can be broadly divided into two categories: numerical total-energy calculations and calculations based on analytical asymptotic expansions. In the past, these two types of theory have coexisted but no meaningful quantitative comparison between them was possible because the analytical theories were originally developed only for simplified model band structures. This situation is highly unsatisfactory since our physical understanding of the oscillatory exchange coupling is based entirely on the theories of the latter type, in particular, on the quantum-well theory proposed by Edwards and Mathon 4 ͑see also Refs. 5-7͒. An alternative interpretation of the quantum-well theory in terms of reflection coefficients at the interfaces 8, 9 is also widely used. There is now no doubt about the validity of the quantum-well picture since the quantum-well states predicted in Ref. 4 have been observed in photoemission experiments. [10] [11] [12] However, to achieve a unification between the analytical and numerical approaches, the quantum-well theory needs to be implemented for a fully realistic band structure and shown to be as accurate ͑in the asymptotic limit of a thick spacer͒ as fully numerical calculations.
In this paper, we report the results of two parallel calculations of the exchange coupling in a Co/Cu/Co͑001͒ trilayer. One is based on the analytical quantum-well theory, [4] [5] [6] [7] and the other is fully numerical. Both calculations were made using the same realistic s,p,d tight-binding bands fitted to ab initio band structures of bulk Cu and ferromagnetic fcc Co, which means that they are directly comparable. The results of such a comparison were briefly reported in Ref. 13 . The main motivation for writing a long paper is to provide a comprehensive description of both our calculations and to set clearly the analytical quantum-well theory in the context of the ab initio calculations. We shall also present additional numerical results for a Co/Cu/Co͑001͒ trilayer based on a method for calculating the local one-electron Green's functions 15 that enables us to determine the coupling for continuous spacer layer thicknesses.
Since the precise relationship between the quantum-well theory based on the stationary-phase approximation ͑SPA͒ method and the ab initio calculations has been matter of some controversy, we first address this issue. In the firstprinciples spin-density-functional calculations, the selfconsistency in each atomic plane is achieved separately in the ferromagnetic ͑FM͒ and antiferromagnetic ͑AF͒ configurations of the magnetic layers ͑see, e.g., Refs. 16 and 17 and some of the calculations in Ref. 18͒ . However, such calculations are only feasible for relatively thin spacer layers of some 20-30 atomic planes and this is often not enough for the periods, amplitudes and phases of the coupling to be determined reliably. The Co/Cu/Co͑001͒ trilayer is a prime example. It is apparent already from the numerical results of Drchal et al. 19 that one needs to go to a very large number of atomic planes of Cu to obtain reliable fits for this system. We show that this problem arises because the expected asymptotic decay of the coupling, assumed in all numerical fits, is not obeyed in Co/Cu at zero temperature even for Cu thicknesses as large as 50 atomic planes. We also show that, at room temperature ͑relevant to experiment͒, there is no range of Cu thicknesses in which the coupling amplitude can be approximated by a dependence ϰ1/N 2 . Because of these problems, the approach almost universally adopted now [19] [20] [21] [22] is to use atomic potentials that are independent of the magnetic configuration and to calculate the total-energy difference by comparing sums of oneelectron energies, thus making the approximation known as the ''force theorem.'' Once this approximation is made, the SPA method is applicable and must reproduce correctly the results of all such calculations in the limit of a thick spacer. This is because the SPA method provides merely a prescription for evaluating the energy and k-space sums of the oneelectron energies analytically. It will be shown in Sec. II that the implementation of the SPA theory relies only on the fact that the one-electron Green's function is a periodic or quasiperiodic function of the spacer thickness. 14, 15, 23 This feature is common to the tight-binding method we use, linearmuffin-tin-orbital ͑LMTO͒ tight binding, 22 and layer Korringa-Kohn-Rostoker methods, 20 since they are all formulated in terms of local one-electron Green's functions. It is, therefore, immaterial which one of these methods one chooses as long as the one-electron energies of the multilayer are correctly reproduced.
The only remaining issue is the question of a correct treatment of interfaces. Far from the interface, one can, of course, use the potentials for bulk metals. Near the interface, the potentials may deviate from their bulk values. However, it is clear from the above discussion that this effect can be included in the SPA method based on our empirical tightbinding approach but a preliminary ab initio calculation in the interfacial region would be required to determine the correct local tight-binding on-site potentials and hopping parameters. Alternatively ͑and preferably͒, the SPA could be applied directly to, say, the LMTO tight-binding method with self-consistent treatment of the interface included. However, in the case of Co/Cu considered here, the LMTO calculations for a Co/Cu interface 24 show that it is an excellent approximation to use bulk Co and Cu potentials right up to the interface and this is, indeed, the approximation that is made in the calculations of the coupling for Co/Cu based on this method. 19, 22 We have, therefore, adopted the same approximation here.
The plan of the paper is as follows. In Sec. II we show how the quantum-well SPA calculation is implemented for a Co/Cu/Co͑001͒ trilayer using realistic s, p, and d tightbinding bands fitted to an ab initio band structure of bulk Cu and ferromagnetic fcc Co. In this calculation, the SPA method is applied directly to the spectral density that determines the thermodynamic potential of the trilayer.
For the numerical calculation, we use an expression for the coupling referred to as a cleavage formula. Its derivation is presented in Sec. III. The cleavage formula is obtained by introducing the Green's-function cleavage plane formalism 25 of the spin-current ͑torque͒ approach 26 in the formulation of d'Albuquerque e Castro, Ferreira, and Muniz. 27 The resultant cleavage formula for the coupling is equivalent to that developed independently by Drchal et al. 19 in their LMTO approach and has already been used without derivation in Refs. 13,14, and 28.
The cleavage formula is evaluated using a new analytic expression for slab one-electron Green's functions derived recently by Umerski. 15 The results of this fully numerical calculations are described in Sec. IV and compared with the results of the SPA of Sec. II and also with the results of the SPA performed on the cleavage formula for the coupling. Finally, in Sec. V we present our conclusions.
II. STATIONARY PHASE APPROXIMATION FORMULA FOR THE EXCHANGE COUPLING IN A Co/Cu/Co"001… TRILAYER
We consider N ͑001͒ planes of Cu with the bulk lattice constant sandwiched between two semi-infinite slabs of ferromagnetic fcc Co. A small lattice mismatch between Co and Cu is neglected. Following our original approach, 5, 6 we assume that the local potentials in the Cu and Co layers are frozen, i.e., they do not change in going from the AF to the FM configuration of the trilayer. As discussed in the Introduction, this is equivalent to the force theorem. It follows that the exchange coupling per surface atom is given in terms of the thermodynamic potentials ⍀ for electrons of spin by
The thermodynamic potential per surface atom for a given magnetic configuration at temperature T is given by
where N ʈ is the number of atoms in any atomic plane parallel to the layer structure, is the chemical potential, and D is the spectral density for particles of spin in the trilayer having that configuration. Because of the in-plane translational invariance, we label all the trilayer states by the plane index i and by the wave vector k ជ ʈ parallel to the layers. The spectral density D is given by
where G ii is the diagonal matrix element of the tight-binding one-electron Green's function, the trace is over all atomic orbitals, and the sum over i is over all atomic planes in the trilayer. In this section, we restrict the sum over i to the atomic planes in the Cu spacer layer. The advantage of using the spectral density in the Cu spacer only is that it allows a transparent physical interpretation of the coupling in terms of the band structures of bulk Cu and Co. Moreover, the coupling can also be easily linked to photoemission experiments. [10] [11] [12] The numerical calculation of Sec. IV will allow us to assess the accuracy of this approximation.
The problem now reduces to the calculation of the spectral density and evaluation of the difficult k ជ ʈ and energy sums. We showed for a single-orbital model with complete confinement that both the k ជ ʈ and energy sums can be evaluated analytically using the stationary-phase approximation. 5 We need to generalize the method to a Co/Cu͑001͒ trilayer. The generalization is based on the hypothesis 6 that, for large
of N. For periods incommensurate with the lattice, which is generally the case, the concept of a periodic function needs to be clarified. Although the physical spectral density is defined and can be computed only for integral numbers N of Cu atomic planes, we can consider formally its continuation to all real values of N. The continuation is a function that coincides with the physical spectral density when restricted to integers N. We shall say that the physical normalized spectral density is periodic in N provided its continuation is a periodic function. We show explicitly how to construct the continuation of the normalized spectral density for Co/ Cu͑001͒ and demonstrate that it is a periodic function. Assuming that the normalized spectral density is periodic in N ͑for large N), we can expand it in a Fourier series. A rigorous proof of the periodicity in N is provided in Ref. 15 . The exchange coupling then takes the form
where d is the interplanar distance, ͉⌬c s (E,k ជ ʈ )͉ and 2 s (E,k ជ ʈ ) are the modulus and phase of the Fourier coefficients of the normalized spectral density
is the wave vector perpendicular to the ͑001͒ plane obtained by solving the bulk Cu dispersion EϭE(k ជ ʈ ,k Ќ ). Expression ͑4͒ for the coupling is now in a form to which the SPA method can be readily applied. 5, 6 For large N and any fixed energy E, the imaginary exponential in Eq. ͑4͒ oscillates rapidly as a function of k ជ ʈ and nonzero contributions to the k ជ ʈ integral come only from the neighborhood of points k ជ ʈ 0 in k ជ ʈ space at which k Ќ (E,k ជ ʈ ) is stationary. The perpendicular wave vector k Ќ (E,k ជ ʈ ) in the argument of the exponential is expanded in a Taylor series about k ជ ʈ 0 up to second order in k ជ ʈ and all the other factors depending on k ជ ʈ are approximated by their values at the extremal point k ជ ʈ 0 .
The remaining integrals in k ជ ʈ space can be reduced to Gaussian integrals and evaluated analytically. The procedure is standard, 5 the only new feature is the presence of the phase s in the argument of the exponential function in Eq. ͑4͒. In general, s is nonzero. We can either treat s along with ͉⌬c s (E,k ជ ʈ )͉ as a slowly varying function of k ជ ʈ and approximate s by its value at the stationary point or we can expand s in a Taylor series and include its dependence on k ជ ʈ in the Gaussian integrals. In the latter case, we would obtain a correction to the phase of the exchange coupling ϰ1/N that is negligible in the asymptotic limit of large N. We shall, therefore, approximate s in the evaluation of the k ជ ʈ integral by its value at the stationary point.
The energy integral in Eq. ͑4͒ can also be evaluated analytically for large N. We recall 5 that, having made the stationary-phase approximation in the k ជ ʈ integral, we are left with an imaginary exponential e
energy integral. For large N the exponential oscillates rapidly as a function of E. This results in cancellations and the only contribution to the energy integral thus comes from energies in the vicinity of the chemical potential at which the integral terminates abruptly. 5 Formally, one expands the argument of the exponential up to first order in E and the resultant integral is evaluated in the complex plane. 5 Again we have two options in dealing with the energy dependence of the phase. Either we approximate s (E,k ជ ʈ 0 ) by its value at Eϭ or expand it about together with k Ќ (E,k ជ ʈ 0 ). It is now prudent to adopt the second option because an energy dependence of s leads no longer to a mere phase shift but may alter the decay of the coupling with N as well as its temperature dependence. 28 Treating the energy dependence of the phase s on the same footing as the energy dependence of k Ќ , 5 it is straightforward to derive the following asymptotic formula for the exchange coupling J(N):
where k x ,k y are the components of k ជ ʈ in an orthogonal system of axes chosen to diagonalize the Taylor expansion of the argument of the exponential in Eq. ͑4͒. The sum over k ជ ʈ 0 covers all the stationary points of k Ќ , ϭi when both second derivatives in Eq. ͑4͒ are positive, ϭϪi when they are negative, and ϭ1 when the derivatives have opposite signs. The perpendicular wave vector k Ќ , Fourier coefficients ⌬c s , and all the derivatives in Eq. ͑5͒ are evaluated at Eϭ and at the stationary point k ជ ʈ ϭk ជ ʈ 0 . It should be noted that, for ‫ץ‬ s /‫ץ‬Eϭ0, Eq. ͑5͒ reduces exactly to the asymptotic formula for the coupling derived in Ref. 7 .
We begin the evaluation of Eq. ͑5͒ for Co/Cu͑001͒ with the factors that depend only on the bulk Cu Fermi surface ͑FS͒ ͑the difference between and E F is negligible in the relevant range of temperatures͒. They are the oscillation periods, curvatures of the Cu FS, and ''inverse FS velocities'' ‫ץ‬k Ќ /‫ץ‬E. The oscillation periods /k Ќ 0 were obtained from the Cu FS extremal radii in the ͓001͔ direction. There are two extremal radii k Ќ 0 and they occur for k ជ ʈ b ϭ(0,0) ͑belly͒
.53) ͑necks͒ where aϭ3.6 Å is the lattice constant of Cu. The corresponding periods are p b ϭ5.7 atomic planes (ϳ10.3 Å͒ and p n ϭ2.6 atomic planes (ϳ4.7 Å͒, respectively. The factor ϭi for the belly and ϭ1 for the necks. The Cu FS curvatures ‫ץ(
and inverse FS velocities ‫ץ‬k Ќ /‫ץ‬E at the belly and neck extrema were determined using a tight-binding parametrization 29 of the first-principles band structure of bulk Cu. Their values for the belly are ‫ץ(
The corresponding values for the necks are
Ϫ1 . The last ingredient in Eq. ͑5͒ is the Fourier analysis of the normalized spectral density (1/N)⌬D(E,k ជ ʈ ,N). We first computed the spectral densities for both spin orientations in the FM and AF configurations for discrete ͑physical͒ values of the Cu thickness LϭNd. The required Green's functions were calculated within the tight-binding model with s,p, and d orbitals, and hopping to first-and second-nearest neighbors. The tight-binding parameters for all Cu planes were determined from the best fit to the first-principles band structure 29 of bulk Cu. The parameters for fcc ferromagnetic Co were obtained starting from paramagnetic 29 Co and adjusting self-consistently the on-site energies to get the best agreement with the first-principles band structure 30 of fcc ferromagnetic Co. At the Co/Cu interface, the Cu hopping parameters were used and the reason for this choice is discussed in Sec. IV. Using these values of the tight-binding parameters, we constructed the 18ϫ18 Hamiltonian matrix H(k ជ ʈ ) of a principal layer 31 consisting of two ͑001͒ atomic planes of Cu ͑Co͒. The Cu and Co principal layers are introduced because the Hamiltonian of a Co/Cu trilayer with arbitrary numbers of Cu and Co planes can be obtained by stacking the appropriate sequence of principal layers with hopping only between the neighboring principal layers. Using the method of adlayers, 32 we first determined recursively the local Green's function in the surface layer of a stack of Cu principal layers deposited on a semi-infinite stack of Co principal layers. Principal layers of Cu were deposited one by one from left to right and the surface Green function was updated from the Dyson equation after each deposition. If g old and g new denote, respectively, the 18ϫ18 surface Green's function matrices before and after deposition of a single principal layer, then the basic recursion step is
where g isol is the Green's function for an isolated principal layer of Cu, t(k ជ ʈ ) is the hopping matrix between two neighboring principal layers, and we suppress for brevity E and k ជ ʈ in the arguments of the Green's functions. The method of adlayers yields with machine accuracy the Green's function matrix g l ( j) in the surface principal layer of the left overlayer of j principal layers of Cu on semi-infinite Co. Similarly, we obtained the surface Green's function g r (N/2Ϫ j) for the right overlayer of N/2Ϫ j principal layers of Cu on semi-infinite Co ͑if the number N of Cu atomic planes is odd, we first deposit a single atomic plane of Cu and then proceed with principal layers͒. Finally, we completed the trilayer by switching on the hopping t(k ជ ʈ ) between the left and right overlayers. The exact Green's function in the principal layer j next to the joint obtained from Dyson's equation 32 is given by
where we use the convention that capital letters denote Green's functions of the connected system and lower-case letters those of the cleaved system. The matrix elements of the Green's function in every atomic plane of Cu were determined by this method and the spectral density was calculated from Eq. ͑3͒. The only input in the adlayer procedure is the surface Green's function for semi-infinite Co that was determined by the decimation method of Ref. 33 . With the normalized spectral densities computed for integer N we can address the question of their continuation from discrete Cu thickness LϭNd to all real values of L. We require for the Fourier analysis the knowledge of the spectral density for all values of the ''continuous Cu thickness'' L in the interval (Ϫ/2k Ќ ,/2k Ќ ), where k Ќ is either the belly or neck FS radius. We first generated the spectral densities for trilayers with the number of Cu atomic planes N ranging up to 600. The spectral densities normalized to N were then shifted to the first period (Ϫ/2k Ќ ,/2k Ќ ) by subtracting from N the appropriate integral number of periods /k Ќ . If all the shifted points condense, as we anticipate, on a continuous curve then this test demonstrates that the normalized spectral density is asymptotically a periodic function of the continuous Cu thickness L with a period /k Ќ . At the same time, the shifting algorithm provides us with a dense set of points in the interval (Ϫ/2k Ќ ,/2k Ќ ), which can be Fourier analyzed with any required accuracy. An alternative method of calculating the spectral density as a continuous function of the layer thickness, which has been developed by Umerski, 15 is discussed briefly in Sec. III. One of the main advantages of the stationary-phase method discussed here is that it permits an explicit separation of the contributions to the exchange coupling arising from different extrema of the Cu Fermi surface. This is the only method available up to now in which the contributions from the neck and belly extrema can be separated rigorously. We start with the long-period component that originates from the belly extremum. The raw spectral densities
computed for the FM and AF configurations are shown in Figs. 1͑a͒, 2͑a͒, and 3͑a͒ together with the data shifted to the first period ͓Figs. 1͑b͒, 2͑b͒, and 3͑b͔͒. As anticipated, all three normalized spectral densities are strictly periodic with the same period p b ϭ5.7 atomic planes and their oscillations as a function of the Cu thickness reflect the passage across the Fermi surface of resonant electron states partially confined in the Cu slab by the spindependent Co potentials. By comparing the shifted spectral densities for different values of the energy, we checked that the energy dependence of the phase s is negligibly weak ‫ץ(‬ 1 /‫ץ‬EӍ0.3 Ry Ϫ1 for the fundamental oscillation sϭ1). The amplitude of each component of the normalized spectral density is determined by the degree of confinement of electron states in Cu, which can be judged from the offsets of the bulk Cu and Co bands along the ⌫-X line (k ជ ʈ ϭ0) shown in Fig. 4 . The relevant sp-like band intersecting the Cu Fermi level matches quite well the corresponding majority and minority bands in Co, which results in a weak magnetic contrast. The corresponding coupling amplitude is, therefore, very small. This is illustrated in Fig. 5 , which shows the long-period belly contribution to the coupling obtained from Eq. ͑5͒ at room ͑solid circles͒ and zero ͑squares͒ temperatures. The left-hand scale in Fig. 5 gives the coupling in mRy per atom in the ͑001͒ surface. The right-hand scale gives the conversion to the units ͑mJ/m 2 ) commonly used by experimentalists. The contribution to the coupling from the Cu FS belly is clearly far too weak to account for the total observed 34 coupling strength of about 0.4 mJ/m 2 . It is also clear from Fig. 5 that the belly contribution to the coupling hardly changes from zero to room temperature. This is because the temperature dependence in this case is determined entirely by the inverse Fermi surface velocity ‫ץ‬k Ќ /‫ץ‬E. The contribution of the term ‫ץ‬ s /‫ץ‬E is negligible.
We now turn to the short-period neck contribution, which is much more interesting. Examination of all three components of the shifted spectral density shown in Fig. 6 reveals that carriers of both spin orientations in the AF configuration ͓Fig. 6͑a͔͒, and also the majority spin carriers in the FM configuration ͓Fig. 6͑b͔͒, are only weakly confined ͑broad resonances͒. However, the minority spin carriers become completely confined in a quantum well in the FM configuration. As far as we can determine numerically, their spectral density is a periodic sequence of ␦ functions which, when shifted to the first period, has the form shown in Fig. 6͑c͒ . ͓The peak in Fig. 6͑c͒ has nonzero width because a small imaginary part is added to the energy in the decimation method.͔ To explain the physical origin of the complete confinement we reproduce in Fig. 7 the band structures of bulk Cu and Co in the relevant ͓001͔ direction for one of the neck wave vectors, k ជ ʈ n aϭ (2.53,2.53) . The sp-like Cu band that intersects the Fermi level in Cu, and hence determines the coupling, has no counterpart for the minority spin in Co since it falls into a hybridization gap. The minority-spin carriers must, therefore, be fully confined in Cu in the FM configuration. On the other hand, there is an sp-like Co majority-spin band intersecting the Fermi level into which the corresponding Cu band can evolve. The confinement of the majority-spin carriers is, therefore, only partial. Because of this asymmetry in the confinement of the majority and minority carriers, the magnetic contrast is very large and we expect strong coupling.
However, there is another interesting feature of the full confinement at the neck which influences the coupling strength. We refer here to a very strong energy dependence of the phase s for minority carriers in the FM configuration and for carriers of either spin orientation in the AF configuration. First of all, we note that, in both these cases, the Fourier analysis of the spectral density at the neck shows that s Ϸs, where is universal. It follows that only the energy dependence of is required. We determined it numerically from the shifted spectral density. We now discuss separately the behavior of for the minority and majority carriers in the FM and AF configurations. The results for the minority carriers, which are confined in the FM configuration, are shown in Fig. 8 The temperature dependence of the coupling is also strongly influenced by the rapid variation of the phase with energy. 28 The contribution to the coupling from the four necks of the Cu FS obtained from Eq. ͑5͒ at room ͑solid curve͒ and zero ͑dashed curve͒ temperatures is shown in Fig.  9 . Virtually all of the change of the coupling strength between zero and room temperature shown in Fig. 9 is due to the strong energy dependence of the phase . This is in contrast to the belly contribution for which this effect is negligible.
Finally, comparison of the belly ͑Fig. 5͒ and neck ͑Fig. 9͒ contributions to the total coupling shows that the exchange coupling in a Co/Cu͑001͒ trilayer with thick Co layers is totally dominated by the short-period ͑neck͒ oscillation.
III. CLEAVAGE FORMULA FOR THE EXCHANGE COUPLING IN MAGNETIC MULTILAYERS
The numerical effort needed to evaluate the coupling in a Co/Cu trilayer from the stationary-phase formula ͑5͒ is minimal. This is because the sum of the spectral densities in all the Cu atomic planes is required only for two values of k ជ ʈ ͑belly and neck͒ and one value of the energy (EϭE F ). However, if one were to evaluate the coupling numerically from Eq. ͑2͒ as it stands, the numerical effort would be prohibitive. Moreover, the accuracy of the approximation of Sec. II, which includes only the spectral density in the Cu spacer layer, needs to be tested. We have, therefore, derived a new cleavage formula for the coupling which not only can be evaluated numerically much more efficiently but also includes explicitly the contribution to the coupling from all the atomic planes in an infinite layer structure. Historically, the cleavage formula was obtained by introducing the cleavageplane formalism 25 of the spin-current ͑torque͒ approach 26 in the formulation of d'Albuquerque Castro, Ferreira, and Muniz. 27 We first present this original derivation and then describe an alternative method in which the cleavage formula is obtained by summing directly the spectral density in all the atomic planes. For simplicity, we restrict our derivation to the case of nearest-neighbor hopping only. Hopping to more distant neighbors is trivially dealt with by using the technique of principal layers 31 described in Sec. II. We begin by considering a more general system consisting of two ferromagnetic layers, with M atomic planes each, embedded in a nonmagnetic material. The two magnetic layers are separated by N atomic planes of the nonmagnetic material, and are labeled A and B. The atomic planes in each magnetic layer are labeled m and mЈ, respectively (1рmрM ; M ϩNϩ1рmЈр2M ϩN). According to Eq. ͑1͒, the coupling J is defined as the change in the thermodynamic potential ⍀ of the system when the magnetization in one of the layers is rotated by relative to that in the other layer,
Jϭ⌬⍀͑͒ϭ⍀͑0͒Ϫ⍀͑͒. ͑8͒
For an arbitrary angle of rotation in the plane of the layers, the change in ⍀ can be written as
where f (E) is the Fermi-Dirac distribution function and the trace ͑Tr͒ is over all the atomic orbitals. The matrix
is the propagator for an up-spin ͑down-spin͒ electron between every atomic plane mЈ (m) in block B (A) and every atomic plane m (mЈ) in block A (B). We stress that A and B are just labels for the left and right ferromagnets, not indices. Here, V ex is a block-diagonal matrix. Each block of V ex is a ϫ matrix ( is the number of atomic orbitals in the tight-binding basis͒ whose elements are given by the on-site Hartree-Fock exchange energies in each magnetic layer. Note that the dimension of the matrices G B,A ↑ , G A,B ↓ , and V ex is equal to (M )ϫ(M ). The large size of these matrices for thick ferromagnetic layers makes it impractical to use Eq. ͑9͒ as it stands. However, it is possible to reformulate Eq. ͑9͒ in terms of matrices whose sizes depend just on . Following Edwards, Robinson, and Mathon, 25 we separate the multilayer system into two independent parts, referred to as left (l ) and right (r) overlayers, by introducing a cleavage plane between spacer planes j and jϩ1. The left overlayer consists of j atomic planes of Cu deposited on a substrate consisting of semi-infinite Cu and M atomic planes of Co. The right overlayer consists of NϪ j atomic planes of Cu deposited on a similar substrate. Formally, if the planes j and jϩ1 are coupled by a hopping matrix t, then the Hamiltonian H for the whole system can be split into two terms, Hϭhϩ⌬h. Here, h is a blockdiagonal matrix that describes the two semi-infinite cleaved systems obtained from H by setting the hopping t between planes j and jϩ1 equal to zero and ⌬h is defined by
pϭ j, qϭ jϩ1 t † , pϭ jϩ1, qϭ j 0, otherwise.
͑10͒
As in Sec. II, we use the convention that capital letters describe the whole connected system, while lower case letters are reserved for the semi-infinite cleaved system. In addition, we use boldface letters to denote matrices whose dimension depends on the ferromagnet thickness M . Using Dyson's equation, we can relate the Green's functions of the connected system to the surface Green's functions of the cleaved system are, respectively, equal to g l ( j) and g r (NϪ j) defined in Sec. II. We now introduce
, and write the argument of the logarithmic function in Eq. ͑9͒ as Tr ln ͕IϪ2͑cos Ϫ1͒V ex g B, jϩ1
↑ ͖.
͑13͒
We make use of Dyson's equation again to write
By substituting these results into Eqs. ͑13͒, ͑9͒, and ͑8͒ we end up with the following expression for J:
͑16͒
where
It is worth stressing that the dimension of all matrices in Eq. ͑17͒ is determined by the number of atomic orbitals in the tight-binding basis and does not depend on the number of planes in the magnetic layers. The dependence of J on the magnetic layer thickness M is implicit and contained entirely in the surface Green's functions of the two cleaved systems. This makes it possible to calculate the coupling for large or even infinite values of M , which is prohibitive within other formalisms such as that of Lang et al. 20 The extension of the above expression to systems with magnetic layers of different thicknesses is straightforward. In addition, it can be easily shown that, for the single-band model, Eq. ͑17͒ reduces to the torque formula of Edwards, Robinson, and Mathon. 25 As in that case, it is easily shown that F is independent of the cleavage-plane position. In the torque formulation, this is an immediate consequence of the spin current conservation. Equation ͑17͒ has already been used in Refs. 14,13, and 28 and derived independently by Drchal et al. 19 We now present an alternative derivation that shows much more directly how the cleavage formula for the coupling is related to the spectral density approach of Sec. II. In fact, we are going to derive the cleavage formula from Eq. ͑3͒ of Sec. II by summing explicitly over all the atomic planes of the system. As before, we use the notation g p,q for the matrix elements of the one-electron Green's function of the cleaved system and G p,q for those of the connected multilayer.
To evaluate the spectral density from Eq. ͑3͒, we require the diagonal elements of the connected Green's function G p, p in all the atomic planes of the system. We once again cleave our system between the jth and jϩ1th layers. Using Dyson's equation, we can express them in terms of the Green's-function elements of the cleaved system g p,q , are simply the spectral densities for the left and right surface systems. Since they refer to the cleaved system, they are clearly independent of the magnetic configuration, and, hence, do not contribute to the coupling. The last term in Eq. ͑20͒, on the other hand, gives the difference between the spectral densities of the connected and cleaved systems. It is, therefore, this term that determines the exchange coupling. We note that it depends only on the surface Green's functions of the cleaved system.
We can now apply Eq. ͑20͒ to determine the coupling. An inspection of Eqs. ͑1͒-͑3͒ of Sec. II shows that we require the sum of the spectral densities for up-and down-spin carriers in the FM configuration and the spectral density of carriers of either spin in the AF configuration. In the FM configuration, an electron of spin moving across the cleavage plane obviously experiences the same potential in the left and right ferromagnets. To obtain the spectral density in the AF configuration, we note that, when the magnetizations of the Co layers are antiparallel, an electron with spin up in the left overlayer can be formally regarded as an electron with spin down in the right overlayer, and vice versa. This means that g r in Eq. ͑20͒ becomes g r Ј , where Ј is of opposite spin orientation to . We stress that this formal ''trick'' can only be used because our formulation is in terms of the Green's functions of a cleaved system; no physical spin flip actually takes place at the cleavage plane. It is now easy to obtain the difference ⌬D(N) between the spectral densities in the FM and AF configurations, bearing in mind that the surface terms cancel. It is given by
When the spectral density difference ͑21͒ is substituted in Eqs. ͑1͒ and ͑2͒, it is easy to check that the cleavage formula ͑17͒ for the coupling is recovered. For the purpose of tracing the contributions to the coupling of the majority and minority carriers in the FM and AF configurations separately, it is preferable to use Eq. ͑21͒ where these contributions can be clearly linked to the factors R ↑↑ ,R ↓↓ , and R ↑↓ . In addition to the computational efficiency ͑particularly for thick magnetic layers͒ already referred to, the cleavage formula has an additional very important advantage that the two surface Green's functions g l and g r , required in this formula, can be determined by a new essentially analytical method proposed recently by Umerski. 15 In his method, the adlaying procedure defined by Eq. ͑6͒ is reformulated using a matrix generalization of the bilinear mapping of the functions of a complex variable so that the thickness of an overlayer on a substrate appears explicitly as an independent variable in the overlayer Green's functions g l and g r . It follows that one can treat formally the thickness of the overlayer and, hence the thickness of the spacer, as a continuous variable. The exchange coupling can, therefore, be calculated from Eqs. ͑16͒ and ͑17͒ entirely numerically for fractional values of the interplanar distance d. This method thus provides a dense set of points for the coupling that can be restricted to a relatively thin spacer. Such a dense set of computed data points can be reliably analyzed numerically for periods, amplitudes, and phases of all the oscillatory contributions to the coupling. This is, in particular, difficult when there are several oscillation periods. To achieve the same degree of accuracy with the conventional numerical methods, which give the coupling on discrete atomic planes only, one would have to go to very large spacer thicknesses where the convergence in the k ជ ʈ space becomes poor.
IV. STATIONARY-PHASE APPROXIMATION TO THE CLEAVAGE FORMULA AND NUMERICAL EVALUATION OF THE EXCHANGE COUPLING IN Co/Cu/Co"001…
We first present in this section our results for the coupling in Co/Cu͑001͒ obtained numerically from Eqs. ͑16͒ and ͑17͒. The Green's functions g l and g r have been calculated by the method of adlayers ͓see Eq. ͑6͔͒ using the same set of tightbinding parameters as in Sec. II. Special care has been taken to ensure convergence of the sum over k ជ ʈ and of the energy integral. The latter was carried out in the complex energy plane and replaced by a sum over Matsubara frequencies. For temperatures close to room temperature, we found that the energy summation converges if one includes 10-15 Matsubara frequencies. All the results shown subsequently were obtained using 15 Matsubara frequencies. The summation over k ជ ʈ was performed using a dense mesh in the two-dimensional Brillouin zone. The numerical calculations reported here have all been performed for Tϭ316 K.
We first discuss the results for the interlayer coupling between semi-infinite Co layers. They are shown in Fig. 10 for different numbers of points in the k ជ ʈ sum ͑231, 435, 2775͒. It is clear that convergence for large Cu thickness N can be achieved only with a very large number of points ͑2775͒ in the irreducible two-dimensional Brillouin zone. The numerical results clearly indicate that the short-period contribution coming from the Cu FS neck is dominant, in agreement with the quantum-well calculation of Sec. II. To further clarify this point, we apply the stationary-phase method to our cleavage formula for the coupling, which allows us again to separate analytically the contributions from the belly and necks of the Cu FS.
Similarly to the normalized spectral density, the integrand F(k ជ ʈ ,E,N) in Eq. ͑17͒ is a periodic function of N and can be expanded in a Fourier series with the same wave vector k Ќ (E,k ជ ʈ ). The corresponding Fourier coefficients c s (E,k ជ ʈ ) can be calculated by shifting the points for discrete spacer thicknesses, as described in Sec. II. The shifted points fall on a sectionally continuous function defined in the interval (0,/k Ќ ), and can be immediately Fourier analyzed. Figures  11͑a͒ and 11͑b͒ show the shifted curves for the belly and the neck, respectively. The discontinuity that appears in the curve for the neck arises because of the formation of a bound state due to full confinement in the minority-spin channel. Such a bound state leads to a jump of in the imaginary part of the logarithm in Eq. ͑17͒. Once the Fourier coefficients are determined, both integrations over k ជ ʈ and energy can be carried out analytically, following the same steps described in Sec. II. The expression for the coupling per surface atom then reads
where 2 s is the phase of the Fourier coefficient c s . The sum over k ជ ʈ 0 covers all the stationary points of k Ќ . It should be noted that Eqs. ͑22͒ and ͑5͒ are not identical because the functions that are Fourier analyzed are different. This is reflected in the Fourier coefficients and, hence, in the structure of Eqs. ͑22͒ and ͑5͒.
We compare in Fig. 12 our numerical results based on Eqs. ͑16͒ and ͑17͒ ͑dashed line͒ with the SPA calculation ͑solid line͒ based on Eq. ͑22͒, for Tϭ316 K. The dashed line in Fig. 12 was obtained by Umerski's method for continuous N discussed in Sec. III; squares indicate the positions of atomic planes, i.e., the physical Cu thickness. The agreement between the two calculations is impressive and entirely justifies the stationary-phase approach. Comparing the continuous curve in Fig. 12 for the SPA based on the cleavage formula ͑17͒ with that of Fig. 9 , which is based on the spectral density in the Cu spacer ͓Eq. ͑5͔͒, we find only a small difference in amplitude and phase. It is clear from the results that the SPA formula based on the spectral density in the spacer leads to a slight underestimate of the coupling strength.
Given the high accuracy of the SPA calculation, we have used Eq. ͑22͒ to calculate the coupling for large Cu thicknesses ͑up to 100 atomic planes͒ both at zero and room temperatures to assess the approach of the coupling to the usual asymptotic form ϰ1/N 2 . The results are shown in Fig. 13 . It is clear that Cu thicknesses as large as 50 atomic planes are needed to reach the conventional asymptotic regime at zero temperature, and it is never reached at room temperature relevant to experiment. This shows that fits to the results of numerical calculations or to the experimental values of the coupling in Co/Cu͑001͒ based on the conventional asymptotic dependence 1/N 2 are unreliable. Finally, we return to the discussion of the relative weights of the contributions from the neck and belly extrema of the Cu FS. This is an interesting and fundamentally important problem since a simple Ruderman-Kittel-Kasuya-Yosida ͑RKKY͒ -type theory 35 predicts that the relative weights of these two contributions to the coupling are determined entirely by the curvatures of the Cu FS at the extremal points. Based on this argument, the RKKY theory predicts 35 comparable amplitudes of the belly and neck contributions to the coupling. Rather interestingly, the early calculations of Lang et al. 20 for Co monolayers embedded in Cu also show that long-and short-period oscillations have comparable amplitudes.
Our SPA calculation of the coupling for semi-infinite Co layers, described in Sec. II and in this section ͑see also Ref.
13͒, is in sharp contrast with all these results. It shows that the belly ͑long-period͒ contribution to the coupling is negligible. This is clear from a comparison of the belly contribution shown in Fig. 5 with the neck contribution to the coupling shown in Fig. 9 . The same conclusion was reached independently by Kudrnovsky and co-workers 22, 19 on the basis of a Fourier analysis of the coupling for semi-infinite Co layers. This is also confirmed by the calculations of Nordström et al. 21 and Lang et al. 36 for Co layers up to 11 ML thick that show that the neck ͑short-period͒ contribution becomes dominant. The advantage of the SPA method is that it allows rigorous separation of the coupling into its different oscillatory components, yielding their amplitudes, periods, and phases at any temperature.
Given the discrepancy between our results for semiinfinite Co layers and the early results of Lang et al. 20 for Co monolayers, we have also determined the coupling for two Co monolayers embedded in Cu. We have used in this fully numerical calculation based on Eq. ͑17͒ the same set of tightbinding parameters as in our calculation for the trilayer with semi-infinite Co. The results obtained with 231 and 2775 k ជ ʈ points in the irreducible two-dimensional Brillouin zone are shown in Fig. 14 . It is clear from Fig. 14 that convergence in this case is achieved with a relatively small number ͑231͒ of k ជ ʈ . We recall that at least 2775 points are necessary for infinitely thick Co layers. It can also be seen that the initial coupling strength is much larger ͑0.1 mRy/atom ϳ3.4 mJ/m 2 ) than for semi-infinite Co. Our results for Co monolayers are in excellent agreement with those reported by Lang et al. 20 On the other hand, the amplitude of the dominant short-period oscillation obtained by Nordström et al. 21 and Lang et al. 36 for thicker Co layers ͑five atomic planes͒ remains a factor of almost 3 larger than our results for semi-infinite Co. This is almost certainly due to the fact that five atomic planes of Co is not enough to reach the asymptotic regime of thick ͑semi-infinite͒ Co layers considered in our calculations. It is worth noting that our results for semi-infinite Co layers are in excellent agreement with the LMTO calculations of Ref. 19 for the same system. It is interesting that such a very good agreement ͑the discrepancy between the two calculations is smaller than 5%) is obtained when we use the Cu hopping parameters at the Co/Cu interface. When the geometric mean of the Co and Cu hopping parameters is used instead, the overall coupling amplitude increases by about 35%.
V. CONCLUSIONS
We have described two complementary approaches for calculating the exchange coupling in magnetic multilayers. The first one is based on an asymptotic expansion of the thermodynamic potential valid for relatively large spacer thicknesses ͑SPA͒. This method provides a clear physical picture of the coupling, relating the oscillation periods to extremal dimensions of the spacer FS, and the coupling strength and phase to the degree of confinement of carriers in the spacer layer. The latter is determined by matching of the bulk ferromagnet and spacer bands in the direction perpendicular to the layers at the extremal points of the spacer FS. In addition, the SPA permits an analytic separation of the contributions to the coupling from each extremal point of the spacer FS. It also allows us to separate the contributions of up-and down-spin electrons in the ferromagnetic and antiferromagnetic configurations of the trilayer. Finally, because the coupling is linked in this approach directly to the spacer spectral density, it demonstrates explicitly that oscillations of the photoemission intensity [10] [11] [12] and oscillations of the exchange coupling have the same origin, i.e., the passage of quantum-well states across the FS as the thickness of the spacer is varied. The only limitation of this approach as presented here is that the spacer Fermi surface can only have a single sheet for each k ជ ʈ . This is of course satisfied for Co/ Cu͑001͒. The generalization of the SPA asymptotic formula to a multisheet FS was described in Refs. 14 and 23 for a single-orbital tight-binding band. The application of the SPA method to the most general case of multiorbital band structure and multisheet FS will be described elsewhere.
The second approach is fully numerical and has no such restriction. It is based on a new cleavage formula for the coupling that has an exact correspondence with our original quantum-well theory of the coupling. 5, 6 Moreover, the derivation of the cleavage formula presented in Sec. III shows explicitly that, for a single-orbital tight-binding band, the cleavage formula is equivalent to the torque ͑spin-current͒ formula for the coupling. 25 The cleavage formula is very convenient from the computational point of view since local one-electron Green's functions in only two neighboring atomic planes of the spacer are required to calculate the coupling. It follows that the calculation of the coupling for magnetic layers of arbitrary thicknesses requires no more computational effort than the calculation for magnetic layers containing just one atomic plane. The stationary phase method can also be applied to the cleavage formula, which leads to an alternative asymptotic expression for the coupling.
Finally, using the method of Umerski, 15 which yields closed-form expressions for the local Green's functions in any layer structure, the coupling can be computed entirely numerically from the cleavage formula for fractional values of the interplanar distance d. This method provides a dense set of points for the coupling restricted to a relatively thin spacer that can be reliably analyzed numerically for periods, amplitudes, and phases of all the oscillatory contributions to the coupling. To achieve the same degree of accuracy with the conventional numerical methods, which give the coupling on discrete atomic planes only, one would have to go to very large spacer thicknesses where the convergence in the k ជ ʈ space becomes poor.
As an illustration, we investigated comprehensively the oscillatory exchange coupling in Co/Cu͑001͒ using the two approaches described above. In both calculations, the same tight-binding parametrization of an ab initio band structure of Cu and Co was used. The results of the fully numerical calculation for a Co/Cu͑001͒ trilayer with semi-infinite Co, based on our new cleavage formula for the coupling, are in excellent agreement with the results obtained from the asymptotic expansion of the spectral density ͑the original quantum-well theory with SPA͒, as well as with the results of the SPA applied to the cleavage formula. The use of the stationary-phase approximation for systems such as Co/Cu is, therefore, fully justified and brings all the advantages listed above. In particular, the numerical calculation confirms the result of the SPA that the short-period ͑neck͒ oscillation dominates the coupling in Co/Cu͑001͒ with thick Co layers, the long-period ͑belly͒ oscillation being negligible. The SPA approach allows us to interpret this result as being due to complete confinement in the FM configuration of the minority electrons at the Cu FS necks. The quantum-well states at the Cu FS neck were recently observed by photoemission. 12 The SPA asymptotic formula also shows that the initial decay of the coupling with Cu thickness is much slower than the 1/N 2 law that usually holds at Tϭ0 K. In fact, the regime in which the 1/N 2 law holds is reached only for NϷ50 at zero temperature and is never reached at room temperature. This occurs because of the strong energy dependence of the phase of the coupling, which is due to complete confinement of the minority carriers at the Cu FS necks. On the other hand, the asymptotic decay of the belly contribution to the coupling obeys the usual 1/N 2 law. We stress that the SPA method provides for each component of the oscillatory coupling the correct dependence ͓Eq. ͑22͔͒ on the Cu thickness N at an arbitrary temperature. The dependences on Cu thickness obtained from Eq. ͑22͒ are very accurate beginning from some 10 atomic planes of Cu and these are the asymptotic laws that should be used to analyze experimental data and the results of numerical calculations.
The strong energy dependence of the phase at the Cu FS necks leads also to a strong temperature dependence of the total coupling which is dominated by the neck contribution. The belly contribution, on the other hand, hardly changes at all between zero and room temperatures.
There is now a theoretical consensus ͑Refs. 22,13,21, and 37͒ that the short-period ͑neck͒ contribution to the coupling in Co/Cu͑001͒ with thick Co layers dominates the total coupling. However, the magnitude of the coupling at the first antiferromagnetic peak Ϸ1.2 mJ/m 2 we have determined numerically from the cleavage formula is a factor of almost 3 smaller than the result of Nordström et al. and Lang et al. for Co layers containing five atomic planes of Co. 21, 36 This is most likely due to the fact that the asymptotic limit of thick ͑semi-infinite͒ Co layers we consider was not reached in their calculations. Rather interestingly, the coupling we obtain for 2 ML of Co embedded in Cu is virtually identical to the coupling curve obtained by Lang et al. 20 for the same system. There is, therefore, complete agreement between the two sets of calculations for Co monolayers. They show a much larger total coupling strength Ϸ3.4 mJ/m 2 and comparable amplitudes of the short-and long-period oscillations.
Finally, we comment on the SPA calculation of Lee and Chang, 37 which is based on the reflection coefficient method of Bruno and Stiles. 8, 9 The coupling strength reported by Lee and Chang is a factor of 8 larger than the value Ϸ1.2 mJ/m 2 we obtain. This is almost certainly due to the fact that they have neglected in the SPA the energy dependence of the phase, which is a crucial factor at the neck extrema of the Cu FS.
As far as the experimental situation is concerned, the experimental results of Johnson et al. 34 for thick Co layers seem to indicate that the amplitudes of the short-and longperiod oscillations of the coupling are comparable. This contradicts all the theoretical results referred to above, but it has to be borne in mind that all the calculations were made assuming perfect Co/Cu interfaces. It is reasonable to expect that interfacial roughness would tend to suppress the shortperiod oscillations. In fact, most recent experiments of Weber, Allenspach, and Bischof 38 using a scanning electron miscroscope with polarization analysis ͑SEMPA͒, which were performed on a series of Co/Cu samples, show that, while the long-period oscillation is seen in samples with relatively ''poor'' interfaces, the short-period oscillation becomes totally dominant for the ''best'' samples. Weber, Allenspach, and Bischof 38 estimate that, for their best samples, the amplitude of the short-period oscillation is a factor of 7 larger than that of the long-period oscillation. Unfortunately, SEMPA does not yield the absolute values of the coupling. It would, therefore, be very desirable to perform MOKE measurements on the best samples of Weber, Allenspach, and Bischof. Such measurements might well yield a greater coupling strength, i.e., closer to the calculated values than the coupling strength obtained by Johnson et al.
34
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